The feedback relay test is usually used to identify one point on the Nyquist diagram of the plant model. It is shown that the derivatives of amplitude and phase of the plant model with respect to frequency at that point can be approximated by the Bode's integrals without any model of the plant. The precision of the approximation for typical industrial plant models is studied. The derivatives are used to design a PID controller for slope adjustment of the loop Nyquist diagram and improve the closed-loop performance. Simulation examples illustrate the effectiveness and the simplicity of the proposed method to design the PID controllers.
Introduction
The Ziegler-Nichols methods [8] are still extensively used for determining the parameters of PID controllers. The design is based on the measurement of the critical gain and critical frequency of the plant and using simple formulas to compute the controller parameters. In 1984, Astrom and Hagglund [3] proposed an automatic tuning method based on a simple relay feedback test which gives, using the describing function analysis, the critical gain and the critical frequency of the system. This information can be used to compute a controller with the desired gain or phase margins. However, in order to obtain the desired phase margin, the closedloop system should oscillate at the desired crossover frequency (the frequency at which the loop gain is equal to 1). This can be obtained using a relay with hysteresis [3] or with introducing an adjustable time delay in the closed-loop system [5] . The hysteresis or the time delay should slowly change up to obtain a limit cycle at crossover frequency. This experiment, compared to the standard one, is more time consuming. A closedloop relay test scheme was proposed in [7] which identifies directly the crossover frequency. In this scheme the plant operates in closed loop with an existing con-'This research work is financially supported by the Swiss National Science Foundation under grant No. 2100-064931. 01 troller and the output of the relay is connected to the reference of the closed-loop system. The advantage is that the noise effect is attenuated and the amplitude of the relay can be easily adjusted.
After identifying a point on the frequency response of the plant, the so-called modified Ziegler-Nichols method can be used to move this point to another position in the complex plane [4] . Two equations for phase and amplitude assignment are obtained which can be solved to find the parameters of a PI controller. For a PID controller, however, an additional equation should be introduced. In the modified Ziegler-Nichols method, the ratio between integral time Ti and derivative time Td is chosen to be constant (Td = 0.25Ti) in order to have a unique solution. In [4], it was proposed t o adjust the slope of the Nyquist curve at the crossover frequency such that a minimum distance to the critical point can be assured in the high frequencies. In this way the robustness of the closed-loop system with respect to the unmodeled dynamics may be improved. However, this method requires inevitably the derivatives of the plant transfer function with respect to frequency which are not known a priori.
The main contribution of this paper is the use of Bode's integrals for slope adjustment in PID controller design. The Bode's integrals 111 show the relation between the phase and the amplitude of minimum phase stable systems. It will be shown how these integrals can be used to approximate the derivatives of the amplitude and the phase of a system with respect to frequency at a given frequency. It is interesting to notice that the a p proximation is made only with the knowledge of the amplitude and the phase of the system at the given frequency and the system static gain. The derivatives can be used in the modified Ziegler-Nichols method to adjust the slope of the Nyquist curve at the given frequency.
The paper is organized as follows: In Section 2 a formula is derived which gives the relation between Ti and T d for obtaining the desired slope of the Nyquist curve of the loop transfer function at a given frequency. The Bode's integrals are used t o approximate the derivatives of the plant transfer function in Section 3. Section 4 shows the precision of the approximations. A PID controller design method for phase margin and slope adjustment is proposed in Section 5. Section 6 presents the simulation results. Finally, Section 7 gives some concluding remarks.
Loop slope adjustment
The slope of the Nyquist curve at crossover frequency affects drastically the performance and robustness of the closed-loop system. In this section, a formula is derived which gives the relation between Ti and Fd for obtaining the desired slope of the Nyquist curve of the loop transfer function at a given frequency. 
On the other hand, the derivative of the controller with respect to w is:
Substituting Eqs ( l ) , (4) and ( 5 ) into Eq.
obtains:
Hence, the slope of the Nyquist curve at W O is given by:
where 'po = LG(jw0) and S a ( w 0 ) and sP(wo) are defined as follows:
It is desired to adjust the slope of the Nyquist curve of the loop transfer function L ( j w ) t o a specified value $.
Then straightforward calculation gives:
Bode's integrals
The relations between the phase and the amplitude of a stable minimum-phase system have been investigated for the first time by Bode [l] . The results are based on Cauchy's residue theorem and have been extensively used in network analysis. Two integrals are presented in this section. The first one, which is well known in the control engineering field, shows the relation between the phase of the system at each frequency as a function of the derivative of its amplitude. But the second integral, to the best of the authors' knowledge, has been never used in the control design. The integral shows how the amplitude of the system at each frequency is related to the derivative of the phase and the static gain of the system. LG 
Derivative of amplitude
(jwo) E - n-dln(G(jw)l -2 du wg --,
Derivative of phase
The second Bode's integral shows that the amplitude of a stable minimum-phase system can be determined uniquely from its phase and its static gain. More precisely, the logarithm of the system amplitude at W O is given by [l] :
where K g is the static gain of the plant. In the same way, assuming that L G ( j w ) / w is linear (in a logarithmic scale) in the neighborhood of W O , one has:
which gives:
Note that for the systems containing an integrator, the static gain cannot be computed. For such systems, the static gain of the system without the integrator should be estimated and used in the above formula (note that the phase of the integrator is constant and its derivative is zero).
Precision of the estimates
The precision of the estimates of the derivatives of amplitude and phase depends on the system dynamics and on the frequency at which the experiments are performed, However, extensive simulations on the typical models of industrial plants have shown that the absolute normalized error of the estimates is within an acceptable range. In order to give an idea about the precision of the estimates, let us consider the following system:
where n is a positive integer. The true values of sa (w) and s p ( w ) / w computed on the basis of the model for different frequencies, are compared with the estimated ones based on the Bode's integrals in Fig. 1 and Fig. 2 , respectively. It can be observed that the maximum of the absolute normalized error does not exceed 0.1 for this system. Similar results can be obtained for the systems presented by several first-order models in cascade. For oscillatory systems, the estimation may be poor in certain frequencies, but in general the results remain satisfactory. For non-minimum-phase systems the Bode's integrals are no longer valid and the proposed formulas give incorrect results. However, it will be shown next that the pure time delay has no effect on the estimation of sp and its effect on the estimation of s, can be neglected if it is small with respect to the dominant time constant of the system.
Effect of pure time delay
Consider the following system with a pure time delay
G,(jw) = G ( j w ) e -j T w (16) where G(jw) is a stable minimum-phase system. Differentiating the amplitude and phase of GT(jw) with respect to w gives:
Now using the Bode's integral from Eq. ( l l ) , the phase of G,(jw) at WO is approximated by:
LG,(jwo) = LG(jw0) -TWO Then S,(WO) and +(WO) for a system including a pure time delay are computed as follows:
The above relations show that the pure time delay should be known for the calculation of s,(wo) but it has no effect on the calculation of +(WO). It should be remembered that T represents the pure time delay of the system which is usually related to the mass transport delay and is often negligible or can be easily measured. This value should not be confounded with the time delay that is used to model a high-order system as a first-or second-order system with delay. For example, G(s) = l/(s + 1)5 has no pure time delay whereas it can be approximated by a first-order model with a large time delay.
PID design
Suppose that the amplitude and the phase of a plant at crossover frequency wc are known. These values may be obtained using the existing controller and by the method proposed in [6]. Suppose also that the static gain of the process is measured. The objective is to improve the controller performance by adjusting the phase margin and the slope of the Nyquist curve at the crossover frequency. The modified Ziegler-Nichols method is used but the derivatives are approximated by the Bode's integrals, so no model for the system is required. To obtain a desired phase margin at the crossover frequency w, we have the following equations to solve: Solving these equations one obtains:
where pc is the phase of G(jwc). Now we exploit Eq. (10) in order to obtain the desired slope q!J at the crossover frequency. Combining Eqs (10) and (25), we obtain after straightforward calculations the parameters Ti and T d as follows:
The irnproved PID controller is now defined by (24), (26) and (27).
Simulation Results
The PID design method presented above will be illustrated via a simulation example. Consider the following model :
The specifications are set at 0.4 rad/s for the crossover frequency and 50" for the phase margin. First, the control parameters are obtained using the modified Ziegler-Nichols method. The resulting PID controller is: 
2.81s
Although the approximation error for sa and sp leads to a resultant slope of 74" (about 13% error), a comparison of the closed-loop performance for the two controllers shown in Fig. 3 illustrates a significant improvement of the closed-loop performance. The overshoot is about the same but the settling time is 44 % smaller with the proposed method. The Nyquist diagrams (Fig. 4) further show that the proposed controller modifies the slope of the Nyquist curve and as a result improves the gain margin as well as the modulus margin (the minimum distance between L ( j w ) and the critical point) of the system.
Step response 
Conclusions
The derivatives of phase and amplitude of minimumphase and stable plant models with respect to the frequency have been approximated using the Bode's integrals. Only the value of the transfer function at the given frequency is used for the approximation and no
Step response Step response of the closed-loop system (dashed line: initial, solid line: proposed method) parametric model of the plant is required. The precision of the approximation for typical industrial plant models is adequate for PID controller tuning. The estimated derivatives of phase and amplitude of the plant can be used to adjust the slope of the Nyquist curve and improve the robustness of the closed-loop system with respect to the unmodeled dynamics, The proposed method requires a minimum information about the plant which can be obtained with a simple closedloop relay test. Simulation examples have shown that the closed-loop performance is significantly related to the slope of the Nyquist curve and can be improved using the proposed method.
